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Left Moulung Algebras



1. The variety of lefr Moufang algebras

Rather than the wariety of left alternarive algebras, it Is tha variety
of left Moufang algebras which arises naturally from geometrical cantaxts and

which has a more satisfaclory structure theuTF, In charaELﬁ[iﬁtiu f / ﬂll IEIE

alternative algebras are laft Moufang, but in characteristic 2 the left Moulang
law provides just gnough of an additional handle to make toings manzpeahla, In

this section we collect a few of tha most basic facts about this variely,

A Jeft Pqﬂﬂf%Lﬂj algehra is one satisfying both the laft Monfans and

lelt alternative laws

(1.1 1alyx) iz

IF

s {wilxz=] | (left Moutang)

(1.2) xgz

w{wz) (lett alternative) 2

In terms of operators the axicms are

1.1 op) L (¥yx) =L L L
*® X ¥ X
{L.2 op) T, - = L2
i e X

while in terms of asscciators they become

(1.1 aj [x,¥x%s2] +ucly,x,2] = 0 {left bumpine)
{:l+2 a:' [X,K,E] = {]
note the lell side of (1.la) reduces to {ulyx) iz =x{{vx)=} + %[ {yx) z}-x{v{xz}]
= {x{yx) ta—x{v{xz) ).
Since the defining identities are quadratic they can be linearized:; in

particular, the linearization of (l.7z) will prove uselul,

(1.2 a"} [x,v,2] + [v.,%.2] = 0.
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tou should think of che left Moulang Taw (L1.1) as a strenpthening of the
left alternative law (1.2). Indeed, for unital algebras (1.2) is 3 special
case of (L.1}, obtained by setting y = 1. Thus for unital algebras (1.2) is

superfluous, and (1.1) alone is the defining identitv.

" W TN IOC LV DL VATTAT) Lo ndor aonaec o

unit elements, we are forced to recuire (1.2) in addition to (1.1): 1if Lhe
unital hull A i3 to conlinue to satisfy (1.1) 1t %ill have Lo gatisfy (1,2 as

well, a0 A Loo mist satisfv (1.2) Trom the sbacl. And, in fact, vur variery

iz rleosed under adjunction:

1.3 (Adjunction ZProposition) If A is laft alternative or Lelb Mous ang, So

is its unital Aull 4.

Proof. For any elements x = ulta, y = 4l4+n, 2 = vl4o in A = Fl4A we have
[x,%,2] = [ol+a,ul+a,vI+c] = [a,a,e] = O since 1 i= in Ehe nueleus and A satisfies
(L.2a). Thus A inherits left alternativity, Similarly, for iloft Moulang in
associater form (l.1a) we have [x,.vx,z] + wlwsx,z2] = [2ld4a, (B1+h) (nil+a) ,v14+c]
+ (2l+a) [B14h,ulda,v1+e] = la,Batubtha,e] + (al+a)[b,a,c] = ila,a,c]

+ aifa,b,e]+[b,a,cl} + {[a,ba,cl+alb,a,c]} = 0 by €1.2a), (1.2a'), and (1.1a).
Thus A inharits left Moufaneitivity. i)

nince the defining axioms (1.1), (1.2) are duadralic they remein valid ia
all extensions, sa the scalar extenzion ﬁu af a left alternative or Moutang
algebra A remains lelft alternative or Moufang .

It A is unital then L] = L and the left regular represcncation x + L of
A din Fnd(A) is infeckive {Lx = Ny = L,1 =0}, This need not hold if & is
not unital (consider a briviagl Al), but gsines any & 1is imbadded in a untlal
algebra A we lave an injection A + ﬁ 4-Enﬁ(i}. Furthermore, cthe left Moufang

laws (1.1}, (1.2) are Just the eenditiens rthat % -» LY be a homomorphism of
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quadratic alEEblﬂS; LeEvy PLESCIVE L[ Compositions x = o
V¥ = xoy = xy+yx, and Uy = x(yx):

— E - — T
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LNyl

squares it will also preserve EU?. This is why left alternativity implies left

= UF_LxE Can Le nu14t aut of sguares and circles, if x o Lq preserves

Moufangitiwvity in characteristic # 7,

1.4 (Equivalence Theorem) any left alternative algebra A salisfiss

= 7 L
Lu{r}y 'LxLy =

s0 if 2 is injeclive or surjcecive on A then A is actually left Moulang.
Proof, Ky (L.L ¢p) and its linearization

1. -2 L
IE:—:(}?:{] L}aL}r bt
= 'L(‘[:‘c{j.':{'-l‘:-;}']' x(Ey] :‘+‘.:-c('~;.-'2<.]+y {:{x]—}'x?}}
% "
—-{1, L L P I L =(LTL kL 1.0}
{-K{LF K+LKL.}_}+(TFIKI RO {th}_nFI ]
“
it . 1 2
= L{lx(yxtxy)—x v L Gy bk v 1)
{L_o(1, oL )-1.2
o Lxu _LJ'LT-' }?_:l— ;xﬁll.y,.

L(xo{xoy}-xzﬂy}hfi

TN T
xa(Hey) Hoaw
=0 ;
If 2 is injective we can cancel it from the above relation ELxLuLﬁz
= 2 : Er M ar & = ‘or 2
”LU(:-:)}'? to get the laft Moufaong law LAL}fL}:? LL'(}E}}-'Z Tor all x,v,z If

is surjective, every z € A las the form z = 2w, so applving the zbove to w

id

rive L.l.ig = LLwe= =1L .
gives LE 3 2 ELxhy s ZLU{X]yh ]U(ijz 8
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The fact that x -+ L»: is a monomorphism A + Fnd(d) of quadratie alzabras
allowe us to carry back to A any gquadratic identities which hold in End(ﬂ}.

Fotr example, we have

1 = [T T ¥ onba 7 v
(1.5) U.\: () Tx".'ux (Fundamentszl Veormula)

I = i T = (LLLY (LLL) =1 ;
sinee IU(L‘(:{]}'}Z Ll.f[:{}}r zLE(x}}r ‘“L:»: ytx’ z{L:{ _'fL‘K] LU(.\L)IJ(}'}U{:{J:’:

An Inner ideal is a subspace B of A suclh Lhat U8 B. The
Fundamental Fermula shows thar =ach space 1fo is a0 dnner ideal, called the
prfh:lpa.t Mner weal derermined by x: from (1.5) Ul_.‘(_\:’}ﬂ&' = L‘X(EATJHA}{: l]:{:'-..
&5 1In the altecrnalive case, Lhese inner {ideals play 2 more important reole
than tha one-sided ideals.

fAnother consequence of the fact Fhas X o Tx is a monomorphism of auadratic
algelbras is

= H n
(1.6 Loy =1V, T

= 1"
5 = =i ®

which also could have been proven directly from Lhe axioms. This has as

immedizte consequance

L.7 {'I'm-:e'-:-Assm:i.a!:ixrit:: Theorem) & lefl Moufang algehra is sbrictly power—

associative,

n m b
1K ¥

0 n . n-1
where x = le CE. 8., 1. =EY
Py i

nm n.m _ _ndm T

Proocf. = = = J.xnhxml =11 l=x Ly (1.8, and this remains

X x Tu

valid in all scalar extensions :'in_ since they all remain left Moufang. B

i 2
This allows us te talk about ldEch:-l'E-Ht 2lements {27 = g} and

- n
n:lpc‘!‘tn‘t elements (2 = 0) in the accustomad WY .
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Most well-behaved left altematiﬁ ﬂmznmﬂﬂ [Hm HH{ [[] []ﬂ

alternative, TIn establishing alternativity, it will he important to chserve

1.4 TRemark,

that A LEFI ALTERNATLYE OR LEFL MOUFANG ALGERRA IS ACTUALLY ALTERNATIVE 17
AND ONLY IF IT IS FLLXIBLE, [%,¥sx] = 0, sinee then right alternativity follows

from the Ilinearization (l.2a'}: [y,x,x] = ~[x,%,x] = 0,
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3
We wan base the study of left Moulang algebras on the products x° and

| 2 .
0 tather than x7 and ny. Clearly x3 £ HHE can be defined in terms of T

‘1

and conversely we can tecover I 7 from linearizing 3
Py

1.1

1.3

1.4

Show that A is lefr Moufang ifF it strictly =satisfies

(1.1) [®,x,2] = D

I:lIE:I [:{‘L‘,Y,Z] = D,

or it gperator notatbion

2
(1.1 op) L »=1"
o x
g 3 3 2 2
3 G o= o i L. -
(1.2 op) L3 = L] (= X x = ®x ).

Show that if 2 is injective orp surjective then (1,1) inmplies [1.2].
Linearize (1.2) and (1.2) te shaow
-EE 1v = 5.k
(sz Tz whoR [Rz x?]

oL I =R, =R"H
[Pz' xLyJ \y{xzj Rz i

Show ':_.\:,IIK are idempotent (resp. nilpotent) if x is idempotent (rasp.

nilnotenr).

Zstablish (1.5) and (1.6) divectly fram the axioms for a lefll Moufang

a. w IV =7 U =u . ire V7 ) = 1l g
aloebr Show Lx‘y,x UH,? L TS i whar xx,y(d} x,z}

= {”x =U Uiy = x(yz)+e(yx).

g iF
. 3 0 72 _ - P
Nefine the Jordan powors of = hy w7 = 1, == = Ay x = 2W, and recuargively
il - T s g £
s = UYX +  Show that an =L, in a left Moufang algebre, hence the

n T ; -
Jordan power x coincides with the usual left power (defined by

% = :a-r:{n] "



L.oF

1.8

Prova the following are equivalent for a left alternative algebra
At (1) A is left Moufang, (ii) A satisfies loft bumping
(2, eHxly,x,2] = 0, (iii) [x,vx,=]+[v,%,x] = 0 holds strictly,

. 2 |
(iv)  [=,%x7,2] = 0 holds strictly, (v) HXUK = HKEK helds sLrictly,
3.2 2:3

2 Rud £
vy = 17 = Vi 1 L = 3 - = .
(wi) Ve T G UV = WU T (&Y= (3707 ) L& Y
2 P =
UKQ = HK, Ux3 = Ux hold strictly.

Prove that $x+EKA is also an inner ideal in A, which automalically

contains .

e |



ATV.1.1 Troblem Set on Operator Filpotence

If z 1s a nilpotent element in a lefr Moufang algehra, L and H7 are
= 1

: g . gz
casily seen to be nilpotent operators. Fercauge R " # ﬁ“ in general, IL dis
b

noet se clear that R} is nilpotent,

1,

n

From the szssociator didentities (1.1a), (1.22') derive the operabor

ldentitiex
e -B = [
T R‘_‘_-' R:w'. P’.c_ [l w? H}‘]
% i , 7 5T . ' .‘
(%) [ 201 R}, Hx L}:[J..:{,P:; |

Show that in any left Moufang alpehra we have

L k1= [LE’R_‘-Lj] ‘

Conclude that if 2" = 0 in a lefc Moufang algebre Lhen Hin = {1,

Mternately, if 2" = 0 use (%}, (**) Lo show

0421 mo__ri n
E - . = 13
B, E.’A‘.?'-RZ (s 0).

v e Tl
Induct on the index of nilpotency to deduce that if = = 0 then some

Rn+2m sy

=

5till a differant proof proceeds to establish

2n =1 o n-i n _
B o RL (=" = 0}

and then by inductiecn

R2AM _ g0 plm) m(m) on

) ble=1"1¢ = "le = 0]

(m) : : ) | ;
where Lhe l"k are polvonomials 4in R?, the Q’V in ],z. Cenelude

n;““ =0 1if 2" = 0.



